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Goals, tools and notations

Goals and notations

Goal 1

Construct a test of mutual independence between the
random vectors X(V) ¢ R% .. X(P) ¢ R%.

Let P be the joint law of X = (XU)2_, and PY) be the
marginal law of X0,

Sample = the data : X41,..., X,.
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Goals, tools and notations

Example : the asthma case

Families i (i = 1,..., n) with 3 persons with asthma disease.

x(M Phenotype for the father
X;= | X® | = | Phenotype for the mother
X@) Phenotype for the child

@ Dependence between (father,child) and/or (mother,child)
solely implies genetic factors.

@ Dependence between (father,mother) implies
environmental factors.

Beran, Bilodeau, Lafaye de Micheaux Nonparametric tests of independence between random vectors



Goals, tools and notations

Goals and notations

Goal 2

Let Yi, Yo, ... be a stationary sequence of random vectors
in RY9. Construct a serial test of mutual independence
between the Y’s.

This problem, with the overlapping difficulty, is treated similarly
as the previous case by letting X; = (Y;,..., Yi;p—1) € RP9and
XD =y, i=1,.. n—p+1;j=1,....p
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Goals, tools and notations

Notations

o Forall (sV,t0) € 84 x R, define the half-space H by
H(sW), 1) = {X(f) e RY : (sV), xU)y < t(/’)} ,
° The collection of half-spaces in R% separating probabilities
° Fld) — {H(s(j), t0) : (s, 19) € 84 x R}

0 F = Fd) ...« Fldb),
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Goals, tools and notations

How to characterize independence

Define, for all (sU), t0)) € Sy x R,

va((sY, t(j));;) — Z(_1)|A\BI P(xf:1 HB (s, t0)))
BCA

Hp (s, t0))),

JEA\B

o 0,10, jeB;
HB(stm):{ H(SRd’,t ) ;;g,

and

Proposition

The marginals X, ..., XP) are independent if and only if
va((sV, t0)? 1) =0, for all (H(sV, t))?_, € F and all
Ac{1,...,p}|A > 1.
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Goals, tools and notations

To give an idea

Case p=3.

Then, Viijy = 0= X(’) 1 XU), I,_[ = 1,2,3; i <j.

V{1’2,3} — P(1,2,3) 4 3P(1)P(2) P(3)
_ p(1.2)p3) _ p(1.3)p(2) _ p(2.3) p(1) _ p(1) p(2) p(3)

Then, vy 23, = 0 = {X(1), X® X} independent.
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Test of independence : non serial case

Notations and processes used

The processes considered, for A C {1,...,p}, are

Rpa((s9), t(/ = VY (-1)"Elp, (xf:1HB(s(f),t(j)))
BCA
T e (HD, 19y,
jEA\B

where Pp is the empirical law of X4, ..., X, iid and Pg) is the
empirical law of X ..., x¥) iid.
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Test of independence : non serial case

Notations and processes used

Another process used is

Roa((sV, 1) ) = ﬁZ(—U‘A\B']P’,,(xf:1HB(SU)7t(j)))
BCA

) H PUO(H(sV, t0)))

jeA\B

1< (k) K
= —= > JJ X" € H(s®, 1)}

ﬁ i=1 keA [ :

—PR(H(s®k), t(k)))} ,

from the
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Test of independence : non serial case

The first theorem

If XM, ..., X(P) are independent, then
{Rpa: A€ Tpy ~ {Ra: Ac Ip},

where ~~ is the weak convergence of Hoffmann-Jorgensen.
The processes Ry are independent Gaussian of mean 0 and
autocovariance function Ca((sV), t))?_, (30, t0)?_ )

— H[P(k)(H(s(k £y A HEW, 1K)
keA

- OIECRIGN P(k)(/_/(g(k)’}(k)))] _
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Test of independence : non serial case

and the second

The processes R, 4 et ﬁn,A are asymptotically equivalent.

Forall A€ Ip, ||[Rpa — IV%’,L allz — 0, where convergence is in
outer probability.

A critical region for an independence test is obtained by
combining Kolmogorov type statistics :

Uaez,{| Rnall 7 > ra}.
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Test of independence : non serial case

The asymptotic significance level of the test is

a=1-T] P{lIRallx < ra}.

AeTp

The critical values rs can be chosen as the g-quantiles of the
law of [|Ral| =, where 8 = (1 — a)"/(@=P=1),

However, the law of R, depends on the unknown marginal laws
P(k). The critical values are thus derived from the Bootstrap.
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The Bootstrap

The Bootstrap technique

@ Thedata: Xi,..., X,

@ The statistic T = T(Xj,..., Xp) : only one observed value
based on the initial sample

@ Intensive computer simulation technique
@ Several drawing with replacement in the sample

@ Forb=1,...,B
e Draw with replacement : X;(b), ..., X;(b)
o Compute T(X;(b),...,X;(b))

@ Estimate the law of T
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Bootstrap Validity

Bootstrap of Ry 4

Define the quarter-space semi-metric dgr between two finite
collections of probabilities by

ok ((PO). ()7

p
=" sup |PU(HynH,)— QU(H; N Hy)l.
j=1 Hy,HoeF%)

With this semi-metric, the marginal empirical probabilities
converge

_ o
dn (DY, (POY, ) 5 0.
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Bootstrap Validity

Theorem (Bootstrap validity)
Let (PY))P

o1, = 1,2... be any sequence satisfying
dn ((PPYy, (PU)E) — 0. (1)

If X1, ..., Xon are iid from P x ... x PWP) B, is the empirical
distribution of X1, . .., Xan @and

((3(/) t(/ - \[Z \A\Blp P:1HB(SU),2‘U)))
BcA
JEA\B

then {Ry, 4 : A€ Ip} ~ {Ra: A€ Ip}.
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Examples

The dependogram

@ Graphical display giving the ||R, ||~ values (vertical bar)
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Examples

The dependogram

@ Graphical display giving the ||R, ||~ values (vertical bar)
@ Star at the height given by the bootstrap approximation to
the 3-quantile, 3 = (1 — )"/ =P=1) of ||R4||#
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Examples

The dependogram

@ Graphical display giving the ||R, ||~ values (vertical bar)

@ Star at the height given by the bootstrap approximation to
the -quantile, 3 = (1 — )"/ =P=1) of ||Ry||+

@ Subsets such that the vertical bar exceeds this quantile
can be flagged for dependent vectors
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Examples

The dependogram

@ Graphical display giving the ||R, ||~ values (vertical bar)

@ Star at the height given by the bootstrap approximation to
the 3-quantile, 3 = (1 — )"/ =P=1) of ||R4||#

@ Subsets such that the vertical bar exceeds this quantile
can be flagged for dependent vectors

Subsets
11{1,2) 14|{23}|7|{1,23} |10 | {2,3,4}
21 {1,3} | 5|{24}|8|{1,24} |11 | {1,2,3,4}
3{1,4 |6|{34}|9]{1,34}

TAB.: Lexicographic order of the subsets for p = 4 in the non serial
dependogram.
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Examples

Dependence among 4 discrete variables

o Wi, ..., Wsiidwith W, i e {1,3,4,6} ~ Poisson(1) and
W, i€ {2,5} ~ Poisson(3)
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Examples

Dependence among 4 discrete variables

o Wi, ..., Wsiidwith W, i e {1,3,4,6} ~ Poisson(1) and
W, i€ {2,5} ~ Poisson(3)

o X(M = Wi + Wa, X4 = W, + W, X0 = Wy + Ws, and
XA = Ws + Ws
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Examples

Dependence among 4 discrete variables

o Wi, ..., Wsiidwith W, i e {1,3,4,6} ~ Poisson(1) and
W, i€ {2,5} ~ Poisson(3)

o X = Wi + W, X@ = W, + W, X®) = Wy + Ws, and
X*) = Ws 4+ Ws

e (XM, X)) independent of the pair (X3, X(4)) with each
pair having a correlation of %

Nonparametric tests of independence between random vectors
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Examples

Dependence among 4 discrete variables

o Wi, ..., Wsiidwith W, i e {1,3,4,6} ~ Poisson(1) and
W, i€ {2,5} ~ Poisson(3)

o X = Wi + W, X@ = W, + W, X®) = Wy + Ws, and
X*) = Ws 4+ Ws

e (XM, X)) independent of the pair (X3, X(4)) with each
pair having a correlation of %

V{1234) = V{12}-V{34} = (,D(1,2) _ ,D(1),D(2))(P(374) — ,D(S),D(4))
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Examples

Dependence among 4 discrete variables

FiG.: The two structures of dependence are evident in subsets 1 and
6 which correspond, respectively, to the two subsets A = {1,2} and
A=1{8,4}. n=100.

Dependogram

]
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Examples

Dependence between three bivariate vectors

Consider n = 50 observations on six variables W;, i =1,...,6,
jointly distributed as a multivariate normal with mean vector 0
and covariance matrix

1 0|0 0|0 O
0 1/0 0|0 O
0O 0|1 0|4 5
0O 0|0 1|1 .2
0 0|4 1|1 O
0 0|5 2|0 1
Partition into 3 sub-vectors X(") = (W;, Ws), X® = (Ws, W,)

and X®) = (Ws, W).
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Examples

Dependence between three bivariate vectors

FiG.: The dependence between the last two subvectors shows up in
the third subset A = {2,3}. n = 50.

Dependogram

]
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Examples

4-dependent variables which are 2-independent and
3-independent

@ W is discrete uniform on the set {1,2,3,4,5,6,7,8}

XM = H{we{1,2,35}}, X® =1{W € {1,2,4,6}}
X® = H{We{1,3,4,7}}, X ={W € {2,3,4,8}}.

@ These four dependent binary variables are 2-independent
or pairwise independent ; they are also 3-independent
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Examples

4-dependent variables which are 2-independent and
3-independent

Fi1G.: This dependogram identifies the 4-dependence in the last
subset A = {1,2,3,4}. No other dependencies were declared
significant. n =100
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Examples

Serial independence in a binary sequence (0 and 1)

1 with probability 0.8
oY =WW,3i=1,...,n-3
@ Y, which is dependent at lag 3

o W= { 0 with probability 0.2 id
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Examples

Serial independence in a binary sequence (0 and 1)

FiG.: The upper dependogram does not declare any serial
dependence in the i.i.d. sequence W;. The lower dependogram for
the sequence Y; exhibits a serial dependence at lag 3 through the
subset 3 corresponding to A = {1,4}. The minimal value of p = 4
was used. n = 100.

Dependogram
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Examples

Serial independence in directionnal data

o Ujiid. Na(0, ko)

@ W= U ++v2Uy,i=1,...,n— 1 with serial dependence
atlag 1.

@ Y; = W,;/|W;| with serial dependence at lag 1 on the circle.
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Examples

Serial independence in directionnal data

FiG.: The dependogram for the angular gaussian sequence Y; on the
circle exhibits a serial dependence at lag 1 through the first subset
corresponding to A= {1,2}. n=75.

Dependogram
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Examples

Multinomial formula
Let A be a non empty subset of {1,2,...,p}. Then,

ST(TTu®) | TT v | =TT (u®+ve0).

BCA \ieB jEA\B icA
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